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The homology of the Milnor fiber for classical braid groups 

FiLIPPO CALLEGARO 

In this paper we compute the homology of the braid groups, with coefficients in the 
module Z[q^^] given by the ring of Laurent polynomials with integer coefficients 
and where the action of the braid group is defined by mapping each generator of 
the standard presentation to multiplication by —q. 

The homology thus computed is isomorphic to the homology with constant 
coefficients of the Milnor fiber of the discriminantal singularity. 

20F36; 20J06, 32S55 



1 Introduction 

Let (W, S) be a Coxeter system, with W a finite, irreducible Coxeter group and let Gw 
be the associated Artin group (see Bourbaki [5] for an introduction to Coxeter groups 
and their classifications and Brieskom and Saito [6] for relations between Coxeter 
groups and Artin groups ). The main objects of study of this paper are the Artin groups 
of type A„ . We recall that the Artin group Ga„ is the same as the classical braid group 
(see Artin [3] for the original definition and Birman [4] for more details) on n + 1 
strands Br(?i +1) and a standard presentation is given by: 

(cr,-, i = \, . . . ,n \ aiai+iai = (T,+i(7icr,-+i, cj,(7,- = aja, if |/ —j\ > 2). 

The homology and cohomology with trivial coefficients for Artin groups Gw associated 
to Coxeter groups W of finite type are well known. The first partial computations for 
the cohomology of braid groups are due to Arnol'd and appear in [1] and [2]. In [17] 
Fuks computes the cohomology ring of braid groups with Z2 -coefficients using a cell 
decomposition of the Alexandroff compactification of the configuration spaces of C , 
which are classifying spaces for braid groups. Using the same cell decomposition, in [24] 
Vamstem computes the cohomology ring of braids with Zp -coefficients for any prime 
p; moreover he computes the Bockstein operator, hence he gets the cohomology ring of 
braids with Z -coefficients. The same results in homology are obtained independently 
by F Cohen in [12]: he computes the homology of braid groups over Z using the 
theory of homology operations in n-fold loop spaces. In [19] Gorjunov extends the 
results of Vamstem computing the cohomology ring of Artin groups of type C„ and D„ 
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over Z. Finally in [23] Salvetti computes the cohomology groups with Z-coefficients 
for the Artin groups associated with exceptional Coxeter groups; the ring structure is 
determined by Landi in [21]. 

Let Xiv be the classifying space for G-w ■ For a ring A we can define the local system 
A[^^'] over the space X^, with twisted coefficients over the ring A[g^'], where each 
standard generator of Gw acts as multiplication by —q. 

The homology groups H^:(S.w;A[q^^]) are equal to the homology group (with trivial 
coefficients over the ring A) of the Milnor fiber Fvi^ of the discriminant singularity 
associated to W. The same hold for the cohomology groups, modulo an index shifting 
((as proved by the author in [7]). Hence we get a ^-module structure on the homology 
and cohomology of the Milnor fiber Fw, where the — ^-multiplication corresponds to 
the map induced by the monodromy automorphism of the fiber. We remark also that 
for the case A„ the fiber Fa„ is a classifying space for the commutator subgroup of 
the braid group Br(« +1), hence the homology (cohomology) of the fiber is also the 
homology (cohomology) of Br{n + 1)'. 

The groups //*(Xvi/; A[g^']) have been computed by the author and Salvetti [9] for 
all exceptional Artin groups. Several authors (De Concini, Procesi and Salvetti [14], 
Frenkel' [16], Markaryan [22]) made this computation for type A„ Artin groups, 
with A a field of characteristic 0. In de Concini, Procesi, Salvetti and Stumbo [15] 
the computations have been performed for all other finite type Artin groups, with 
rational coefficients. In all these cases all cohomology modules are sums of cyclotomic 
fields (or zero). In particular, in [14], an interesting arithmetic behaviour of the table 
{H'{Br(jy,A[q^^]))ij is noticed. 

In [22] Markaryan used the isomorphism between the standard resolution of a certain 
algebra and the algebraic complex associated to the classifying spaces for braid groups 
to compute the homology of braid groups with coefficients in the local system Q[^^']. 

In this paper we extend the use of this resolution in order to compute the homology of 
braid groups with coefficients in the local system K[q^^] for a generic field K. We 
also compute the Bockstein operator in order to get the homology over Z[q^^]. Some 
computations for the first cases can be found in tables 1, 2, 3 and 4. Our main result is 
stated in Theorem 4. 

In [13] Cohen and Pakianathan compute the homology of the braid group on infinitely 
many strands Br(oo) with coefficients in the local system K[q^^] for any field K: this 
is the stable part of the homology of Br(?i) (with coefficients the same local system) 
with respect to the embeddings ]„ '■ Br(«) ^ Br(« + 1). In Corollary 5.1 we obtain the 
same result; moreover we are able to compute the Bockstein operator, hence we give a 
presentation of the homology of Br(oo) with coefficients in the local system 7j[q^^]. 
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Corollary 5.1 We have that H^{Qr{oo); Q[^^^]) = Q, concentrated in dimension 0; 
//,(Br(oo);Z2[^^^]) = ZaLx^Xi-,/ > 1] 

and for a prime p > 2 

//,(Br(oo);Zp[^±i]) = Zp[y2p' , X2p' , i > 0]/{xlp,) 
witli dim a;, = / — 1 , dimyi = i — 2. The Bockstein operator acts as follows: 
P2X2i = xji^r, PpJi = 0; (jpXi = ji (forp > 2). 



The homology //*(Br(cxD); has no p^ -torsion for any prime p. A presentation 

of //^,(Br(oo); Ij[q^^]) is given by 



yip' ) -^2/ ' 

2 

X2iX2'l ■ ■ ■ X2'h 
y2p'^2pi< ' ' ' ^Ipil' 



'^X2< , py2pi , ^Ipj 



with indices running as follows: < / + 1 < ii <•••<//,, < 7 < 71 < ■ ■ ■ <jh 
and p in the set of odd primes. The structure of I^lq^^] -module is trivial and so the 
action of q corresponds to multiplication by —\. 



2 Notation and definitions 



Let /? be a ring with identity and let q be an element of R. Following [22] we define the 
algebra of q -divided polynomials Tr^I, q) as the graded algebra over R with generators 
f; (/ G N, deg tj = /) and relations 



titi 



i+j 
i 



ti+j 



where 



i+i 
i 



(l-q)(l-q^)...(l 



{\-q)---{l-q'){\-q)---{l-(f) 
is the q-binomial coefficient; if we define the q-analog of / as 

[/] = 1 + ^ + • • • + q' 
and [/] ! = [2] [3] • • • [/] , then we can write also 



i+j 
i 



Vi+iV. 

mm ' 
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We recall that if q commutes with a and b and ba = qab, then 

(a + bf 



n 
i 



Now we want to study the homology and cohomology (as defined in Cartan and 
Eilenberg [10]) of the algebra TR{t,q). We can consider the normalized standard 
complex (see [10] for a general definition) that calculates the homology of the algebra 
TR{t, q). The complex is given as follows: 



„ d „ d „ d 
Co ^ Ci ^ C2 ^ 



where the /? -module C„ is freely generated by all the monomials of the form a (8) f/j 
• • • (g) , with a ^ R and the boundary formula is: 



d{a (g> ti^ (g) ■ ■ ■ (g) tij 

n-l 
7=1 



ij + ij+i 



a g) ti. 



' tij+ij+i ® • • • 



By means of the grading of the algebra TR{t, q), the module C is decomposed into the 
direct sum of complexes of different degrees, 



C 



(=0 



where deg(a ( 
dime = k. 



in) 

til® ■ ■ ■ ® ^in) = ^1 + • • • + in and for c G Q we set deg c = n and 



The dual complex C* , given by the modules C" = Hom(C,i,/?) and with coboundary 
map the transposed map of d, computes the cohomology ring of the algebra r«(f, q). 
The multiplication is defined on representatives as follows: if m*^ and are the dual 
classes of the monomials mi and m2, respectively, then the product m\m2 is the dual 
class of the monomial mi ® m2. 

Given a space X such that vri(X) = Br(«), we can define a local system R on X. Over 
a point X G X we have the ring R ; the system of coefficients is twisted and the action 
is given by sending each standard generator of the group Br(?i) to multiplication by 
—q. This action corresponds to the determinant of the Burau representation for the 
braid group Br(«) (see, for example, [13]). We remark that although the choice of the 
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multiplication by q would be equivalent, we use —q, which seems more natural to us, 
and also for coherence with [13], [14], [15]. 

The complex C,,„^ coincides with the complex (defined in [23]) that computes the 
cohomology of the group Br(?i) with local coefficients R. 

By the module H^{^x{*),R) we mean the bigraded module (the gradings are the 
degree deg and the dimension dim) whose component of degree n and dimension / is 
Hi(Br{n), R). We can think of //*(Br(*), R) as a ring using the multiplication induced 
by the standard homomorphism (obtained by juxtaposing braids) 

/iy-: Br(0 X Br(/-) ^ Br(/ +7). 

Theorem 1 [22] The ring //*(Br(*), R) coincides, modulo a change of indexes, with 
the cohomology ring of the algebra Tuit, q) : 

Hi(Br(n),R) ~ H"-'(TR(t,q)\^^„_„^ 

and the product structure in //*(Br(*), R) coincides with the cohomological multiplica- 
tion of the ring H*(TR{t, q)). 

3 The Milnor fiber and some lemmas 

Let V = C" be a finite-dimensional complex vector space. The symmetric group on 
n elements S„ acts on this space by permuting the coordinates. Let Uj be the linear 
functional Zi — Zj and let Ttij be the hyperplane {/,y = 0} . The complement of the union 
of the hyperplanes 

is a classifying space for the pure braid group on n strands. If we consider the quotient 
of Yn with respect to the action of &„ 

X,j — Y,j/ &fi 

we get a classifying space for the braid group Br(n) . Consider the product 6 = Y[i<j ^ ■ 
The polynomial 6 is invariant with respect to the action of (3„ and so it induces a map 

6': X„ ^ C*. 

The fiber Fi(n) = 5'~^(l) is the Milnor fiber of the discriminant singularity Fo(n) = 
U Tiijf&n in the affine variety V/©,, (which is isomorphic to the complex space C"). 
The complement of Fo(n) in V/&„ can also be thought as the set of polynomials 
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with distinct roots in the space of all monic polynomials of degree n with complex 
coefficients. Moreover, the fiber Fi(«) is a classifying space for the commutator 
subgroup Br(?i)' of the braid group Br(?i) and we have that (see for example [7]): 

//,(Br(«y,Z) ~ //,(Fi(«),Z) ~ //,(Br(«),Z[^^']) 
and //*(Br(?iy, Z) ~ //*(Fi(?i), Z) ~ //*+^(Br(«), 'L[q^^^), 

with the usual ^-action. 

In what follows K is, & field and p always refers to the characteristic of the field K 
(p = or p a prime). Cyclotomic polynomials are usually defined over a field of 
characteristic 0, by saying that the m-th cyclotomic polynomial is the monic polynomial 
whose roots are all simple roots and are all the m-th primitive roots of unity. Over a 
generic field K we can define by induction the m-th cyclotomic polynomial tpm, by 
saying that (pi = q — I and q*" — I = Y[i\m V^'- e.a.ch positive integer m we define 
the ring K{m) = K[q] / ip,„ . 

We have the following technical lemmas: 

Lemma 3.1 [8] Let m < n be two positive integers. Then we have: 

f i^m,p) ifn = mp',i>l,foraprimep 
i^m,^n) = ^ (1) Otherwise. 

We leave the proof to the Appendix. As an easy consequence of this Lemma we obtain 
the following Corollary, whose proof is left to the reader: 

Corollary 3.2 Let i < j be two positive integers. Then we can write 

(1) ippi = ipp,UJ + pip 
where w, V' S Z[^^^] and is invertible mod ippi ; 

(2) ip^pj = ifmp'UJ + p^lJ 
where uj^ip & Xlq^^] and ip is invertible mod ipmp' • 

We can fix once and for all polynomials ujpij,i , uj,„pi^,„pi , V'p/ p' > ^mpi,mp' satisfying the 
equations (1) and (2). 

Lemma 3.3 [20] Let m be an integer and p a prime. Then we have: 

(3) <pp< ~ pfp ' mod p\ 
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if we suppose that p\m, then: 

(4) ~ ¥P^<^'> modp 
where 4> denotes theEuler cj) -function. 

Now we consider again the algebra of ^-divided polynomials TR(t, q) in the case 
R = K{m). 

Lemma 3.4 The following decompositions hold: 
(a) if p = (see also [22]): 

(5) TKi,n){t, q) ^ K{m)[u,„] K{m)[ui]/{u"^y, 
(b) 

oo 

(6) rK(p)it, ^ (g) K(p)[upq/(i/p.y, 

i=0 

(c) if p and p\m: 

oo 

(7) r^(,„)(f, q) ~ /:(m)[Mi]/(MT) ® (g) /:(m)[Mp-„J/(i^,„); 
with deg Uj = j. 

Proof The proof of (a) is given in [22]. 
For (b) the isomorphism is given as follows: 

A'o ki ki- 
ll 1 Hjj * * * II I' 

(8) ti ^ " 



'-p; 

i=0 



where kr ■■■ is the expression of / in base p and x^^^ is the maximal exponent I such 
that ipp divides x. 

For (c) we have the isomorphism given by 



k ki kr 

(9) ti ^ ^ 

where k is the remainder of the division of i by m and kr---ko is the expression of 
(/ — k)/m in base p . 
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The Lemma follows from the next key observation: i^ kr- ■ - k^ is the expression of / 
in the base p and • • • k'^ is the expression for 7 (resp. k, kr- ■ - ko and k' , k'^. - ■ - k'^ 
are the numbers associated to / and j as in (9)), then the polynomial tpp (resp. ipm) 

i+j 
i 

hr - ■ ■ ho, with hi = ki + k'l for I = 0, r (resp. the numbers associated to / + j are h, 
hr - ■ - ho, with h = k + k' , hi = ki + k'l for I = 0, r). □ 



does not divide 



if and only if the expression for i +j in base p is given by 



The cohomology rings of R[u] and R[u]/{u') are already known. In fact we have: 
Lemma 3.5 [22] //*(/?[m]) ~ A[x], deg(x) = deg(M), dim(;c) = 1; 

t R\y] ® A[x] torn > 2 

where deg(x) = deg(M), deg^y) = ndeg(M), dim(x) = 1, dim(j) = 2 and A[x] is the 
exterior algebra over the ring R in the variable x. 

We remark that generators of the rings in the Lemma can be given as follows: a 
representative x is given by the dual class of u. Moreover in characteristic /? = 0, a 
representative of y is given by 

n-l 



(=1 ^ ^ 



and with 7^ 0, if « is a power of p, we can choose as a representative 

n-\ 

f n \ 

>U ) , 



where the notation (u' m" ')* means the dual class of {u' Cg) u" ')■ 



4 Computations and results 

Now we can calculate the cohomology of Tupit, q) (and so the homology of Br(*) with 
coefficients in the local system K{m)) applying the fact that the cohomology of a tensor 
product of algebras is the tensor product of the cohomology of the factors. 

Applying Lemma 3.5 we have the following straightforward results: 
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Theorem 2 [22] Ifp = 0andm = 2 then 

H^{Br{*y,K{2)) ~ A[X2] K{2)[xi]; 
for m > 2: H^{Br{*y, K{m)) ~ A[xm] (g) /TMij™] A[xi]; 

with degXi = i, dimx, = / — 1 , deg = tn, dim = m — l. 

Theorem 3 Let p he a prime and m he a positive integer, such that p \m. We have 
the following cases: 

(a) ifp = 2: H,{Bv{*)-K{2))c^^ZoK{2)[x2<]; 

oo 

H^{Bx{*);K{m)) ~ K{m)\y^^ ® A[xi] ® ^ K{m)[xm^\, 

(=0 

(b) ifp>2 and m = 2: 

oo 

H,{Bx{*)-K{p)) ~ (g)(ir(/7)b;p,+,] ® A[xp,]); 

i=0 

oo 

H,(Bx{*);K{2)) ~ ^(2)[xi] ^{K{2)[y^p.+,} ® Afep-]); 

i=0 

(c) if p > 2 and m > 2: 

oo 

//,(Br(*);^(m)) ~ K{m)\y^] A[xi] ^CWty^.+i^] ® A[Xp-^]); 

;=0 

where degx,- = deg)', = /, dimx,- = / — 1, dimj,- = i — 2. 

We want to use these results to compute the homology of Br(*) with coefficients in the 
local system A over the ring A = K[q^^] with the same twisting defined as in Section 2. 

The exact sequence 

1 Br{n)' ^ Br{n) ^ Z ^ 1, 

tells us that the homology H^:(Br(ny,A) is H^(Br{ny;K) as an A-module (see for 
example [22], [11] or [7]); since for « 7^ 3,4, Br(«)" = Br(«)' (see [18] for a proof of 
this), we have that //o(Br(?i)'; K) = K, Hi{Br{ny;K) = 0. Moreover the A-action on 
Ho is trivial and so //o(Br(?i); A) = A/(g + 1) as an A-module. Moreover we have: 
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Lemma 4.1 [22] The R-modules Hi(Br(n),A){n > 1,Z > 0) are annihilated by 
multiplication by [n] ! . 

Let us consider a polynomial a G A . We can consider the set Sa of all elements b £ A 
that are prime with a. It is clear that Sa is a multiplicatively closed set. We write A(a) 
for the localization Ag^ of the ring A respect to the set Sa ■ 

It follows from Lemma 3.1 that for;? = 0, is invertible in A((p„) if and only if m / n; 
for 7^ 0, ifin is invertible in A((p„) if and only if « 7^ mp' and m ^ np' , V/ > 1 . 

The following decompositions hold for the homology of Br(«) with coefficients in the 
local system A : 

Lemma 4.2 Let n > I. For p = we have: 

CX) 

//.(Br(«);A) ~ 0//,(Br(«);A(^„)); 
m=2 

for/?y^O: //,(Br(?i);A) ~ //,(Br(?i); A(^„)). 

orm=p 

Proof Consider the homomorphism 

im^ : //*(Br(?i);A) ^ //*(Br(«); A(^,„)) 

induced by the injection /„, : A A(^„,). We extend in a natural way the map Z^* 
through the tensor product with A((p„,) and we get the new map 

(10) h„ ■ //*(Br(?i); A) ®a A^,,) ^ //,(Br(?i); A(^„,)). 

Using Lemmas 3.1, 3.3 and 4.1 it is easy to see that in order to prove Lemma 4.2 it is 
enough to show that the map is an isomorphism. 

First we prove the injectivity of Let a be a representative of an element v in 
//*(Br(?i); A) (gi^ A(<^,,,). If the corresponding class of imV is zero, and so f^,a is a 
boundary, then there exists an element [3 such that d[3 = hnO. Multiplying (3 by an 
appropriate polynomial tp prime with cp^, we get an element /?' = ■0/3 that belongs to 
the resolution of Br(n) over A, so d(3' = ijja. This means that ipa belongs to the zero 
class in //*(Br(«); A) and, since ijj is invertible in A(^^), a belongs to the zero class in 
//*(Br(«);A) CSa A(^„). This proves the injectivity of 1^,. 
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To prove the surjectivity of we consider a class w in //*(Br(n); A(<^,„)) and we choose 
a representative [i for w . Multiplying (3 by an appropriate polynomial 9 prime with 
(fm we get an element j3' = 6(3 in the resolution for //*(Br(?i); A) and we have that 

This completes the proof. □ 



The next step is to compute //*(Br(«); A(^„,)). To do this, consider the following short 
exact sequence: 

^ A(^„,) ^ A(^,„) A K{m) ^ 

where the first map is multiplication by 99^ ■ We want to study the corresponding 
homology long exact sequence: 

^///+i(Br(*);^(m))^ 

^ ///(Br(*);A(^„)) ^''A^* ///(Br(*); A(^„,)) ^ ///(Br(*);^(m)) ^ 

^///_i(Br(*);A(^„)) ^ 

We can decompose ///(Br(*);A((^^)) as a direct sum of terms A/(ip'), where ^p is a. 
prime factor of ipm- So, if ///(Br(*); A((p„)) has a direct summand A/(^/;'), generated 
by an element v, it follows that ///_|_i(Br(*); K{m)) and ///(Br(*); A'(m)) have as direct 
summand a copy of A/ (V') generated respectively by w and w' and we have that 

and tt^kV = w' . 

In Theorem 2 (case p = 0)we have these maps (see also [22]): 

= 3^, 7r=^3^ = /3;ci = 0. 
while in Theorem 3 (case p / 0), the homomorphisms act as follows: 

fyi = 0, /3xi = 0, 

/3x2i = '~^x^i^; fixpi = '~^5y for: p>l\ 

Pxmpi = '^m^'^~^ymp' foi" / > or m > 2; 
where Xi and yi are defined such that: 

•K^Xi = XuTT^Ji = Ji. 

We can now state the following result: 
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Proposition 4.3 For p = Q we have, form = 2 : 

77*(Br(*); A(^2)) - ^(<^2)[^i]/(<P24); 
andform > 2: ^*(Br(*);A(^„)) ~ A(^„)[xi,y;„]/(4, (/^mym); 

if p / and p\m we have the following cases: 



(a) forp = 2: 



//,(Br(*);A(^,))~ 



2 

2 



/( <^2 4 ) 



with < i, i + I < ii < ■ ■ ■ < ih, < j; 



//*(Br(*);A(^„))~A(^„) 

with < i, i + I < ii < ■ ■ ■ < ih, <ji < ■ ■ ■ < jhl 
(b) for p >2 and m = 2: 

/f*(Br(*);A(<^^)) ~A(^^) 

with < j < ?! < • • • < 



•^1 ) '~Pmymi 



yp'Xpfl ■ ■ ■ Xpih 



77*(Br(*);A(^2)) - ^^2) 



xi,y2p', 

X\X2^i ■ • • X2piH 
y2p<X2ph ■ ■ ■ X2pih 



'/p yp' 



2 2 
¥'2-^l,-'C2p', 
<t>(p') 

^2 y^p' 



with < i < ii < ■ ■ ■ < ih, < ji < ■ ■ ■ < ju; 
(c) for p >2 and m> 2: 

77*(Br(*);A(^„))~A(^„) 



Xl ; ymp' ) 
ymp'Xfnp'l ' ' ' Xffip'h 



2 2 

T T 

1 5 -^J?!/)' 5 

ymp' 



with < i < ii < ■ ■ ■ < ih; 

in all cases degx,- = degy, = i, dimx,- = i — I, dimy,- = i — 2. 

In order to get //*(Br(n); Zlq^^]) we still have to compute the Bockstein homomorphism 
/3p associated to the short exact sequence 



O^Zp^Zpi^Zp^ 0. 
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We'll see that, as in the case of trivial coefficients (see [12] or [24]), there is no 
/7^-torsion in the homology of braid groups. 

In case (a) of Proposition 4.3 the Bockstein acts as follows (the coefficients ipij are 
those defined in Corollary 3.2): 

/32^i = 0, (32x1 = 0, 

l32ym = 0, (32X^2- = 0> 

" ( 2 2 \ 

(32xf„2'^m2'l '''Xm2'h = j i^m2'-<-^ ,m2'^m2'^m2'<-^Y\.'^'"^'' ) ' 

(^iymXna'i ■ ■ 'Xm2'h = I V'm2'i-' ,m3'm-^^2'i-' JJ-^'«2'' j ^ 

.= 1 \ s^t j 

in case (b) we have: 

I3pxi = 0, fjpjp. = 0, 

l^pjp'Xpn ■ --Xp.,, = - X] i^p",p'yp-yp'-^-' Yi^p" ' 

.v=l \ .^r / 

' ( 2 \ 

f3pxjx2pn ■ ■ ■X2pii, = — ^ I tp2p'^,2p'xjy2pis-l ]^-^2p'/ j ; 

I3py2p- = 0, 

Ppy2p'X2p'i ■ ■ ■X2p'h = — ^ I V'2p's,2p'>'2p'72/7'.'-l JJ^2/7'' j ; 

finally in case (c) the map is: 

PpXi = 0, Ppymp. = 0, 

Ppymp'Xmp'l ' ' ' Xynp'h = ^ ^ I '4^mp's ,mp'ymp'ymp'^^^ J_ Xmp't J • 

Lemma 4.4 The homology groups //*(Br(*); Z[^'^']) haveno p^-torsion. 
Algebraic & Geometric Topology 6 (2006) 
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Proof Notice that the monomials \,x\ generate the groups //o(Br(0), and 
//o(Br(l), and that both these modules are equal to Ij[q^^]. For / > 2 the 
groups //o(Br(/), Z[<7^']) = Z are generated by the monomials x\ . Now consider the 
following monomials: 

(11) y',„, y'^xi (case 77 = 0) 

(12) ""I' I (case;. = 2) 

(13) Jap/- 3'2p,-^i> > (casep>2) 

y mpi mpi'^^ ) 

Because of the computations over Q[^^M ([14], [22]), their liftings generate a free 
Z-module of type Z[<7^^]/(9?/j) in dimension d in the homology of Br(M) whenever 
n = kh ox n = kh + \ and d = k(h — 2) and the Bockstein is zero for all these 
monomials. 

All the other monomials lift to torsion classes and all these classes don't have p^- 
torsion for any prime p. To prove this it is enough to show that in the submodule 
Mp C //=K(Br(*), Ijplq^^]) generated by all the monomials different from the ones in 
(12) or (13), we have that 

ker/?p = im Pp. 

Let us consider the set S of the monomials that appear in the polynomial rings of parts 
(a), (b) and (c) of Proposition 4.3 and different from these in (12) and (13). 

Let us say that a monomial w rises up to a monomial w' is w appears as a summand in 
PpW . We call w a basic monomial if it doesn't appear as a summand in PpW for any 
monomial w' . We also say that a monomial w is a child of w' if w' is basic and we 
can rise up from w to w' in a finite number of steps. We notice that in general a basic 
polynomial can be of the following form: 

Let Ah- be the set of all monomials that are children of w (including w itself). It is 
easy to see that /S.^ is in bijection with the set of the parts of { 1 , . . . , 5} (with s > 1 ) if 
h, . . . ,ls are all different from 1 , or with the set of the parts of {l,...,^ — 1} (with 
5 > 2) if one of Zi , . . . , is 1 . 

Let we say that a monomial w has (^-torsion (over the ring Xplq^^]) if it generates 
a module isomorphic to 'Ijp[q^^]/{ip). If a monomial w has (^-torsion over Xplq^^] 
then all the other monomials children of w have the same torsion. Moreover consider 
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the algebraic complex (M^, given by the module My^ generated (over Zpiq"^^]) by 
all the monomials in A„. and with the restriction of f3p to M„. as a boundary map: we 
have that (M^, fSp) is isomorphic to the algebraic complex that computes the reduced 
homology of the {s — 1) -dimensional simplex with constant coefficients, over the ring 
Zp[q^^]/(ip) and so ker/3p = im Pp on Mw 

One can check that for every monomial w in 5 there exists one and only one basic 
monomial w' such that w is a child of w' . This implies that the family of all different 
sets gives a partition of S and so ker (3p = im Pp on all the module M. The Lemma 
follows. □ 



5 Main Result 

As a consequence of the last Lemma and of the previous computations, we can now 
state our main Theorem. Recall that the ring H^(Bt(*); R[q^^]) is the bigraded direct 
sum of the modules Hi(Br(ny, R[q^^]) = Hi(Fi(n),R), where Fi(n) is the Milnor fiber 
of the discriminant singularity for Br(n) . 

Theorem 4 Set degx, = degy,- = /, dimj^i = 0, dimx,- = / — 1 , dimy,- = i — 2. Then: 



//,(Br(*);Q[^±i]) ~ Q[q^^] [xuym,m>2] /{ ^2x\,^mym ) ; 




-"^1 ) ym 1 -"71+1 5 ^ml^ ' 



m > 2,2 \ m 



with < i, i + I < ii < ■ ■ ■ < ih, <ji < ■ ■ ■ < jn; 



forp>2 : 
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with < i < ii <---<ih,0<j<ji < ■ ■ ■ <jh- Finally, using the notation of the 
proof of Lemma 4.4, we have: 

//*(Br(*);Z[^±i])~ 
Z[q^^] [ xi,y,„,m > 2 ] /{ ^p2x\,^Pmym ) ®^(3pMp. 

p>2 

In tables 1, 2, 3 and 4 we give the explicit computations for some cases. The results 
in Table 3 correspond to that in [14] for cohomology. We use the notation (^^^ for the 
module 'Lp[q\/{ipi) or Q[q\/{ipi) (note that R[q^^M{^);) = R[q]/(^i)). In Table 4 we 
describe the additive structure of the integral homology of the fiber Fi(?i). 



n 


2 


3 


4 


5 


6 


1 


8 


9 


10 


Ho 




932 




<f2 




932 




ip2 


f2 


Hi 




^3 
















H2 






2 


2 


ip2 ® (P3 




ip2 


ip2 


<f2 


H3 










ip2 e ^5 


^2 


ip2 


if 2 ® ^3 


f2 © 9^3 


Ha 












f3 


2 


2 
^2 


(^2 


H5 
















f3 


f2 © 9^3 


He 














4 

9^2 


<^2 ® 9^3 


¥^2 © 9^3 © 


Hi 
















ipc. 


ip2 © ^9 


Hs 


















f5 



Table 1: //,(Br(n); Z2[^±']) 



Now consider the natural embeddings j„ : Br(n) ^ Br(n + 1). By definition the direct 
limit lim„Br(n) is the braid group on infinitely many strands Br(oo). Notice that 

the first p-torsion class in the groups //^,(Br(n); Xlq^^]) appears for n = 2p + 2 in 
dimension 2p — 2 and is stable; the corresponding generator is XjX^ for = 2 or x\y2p 
for p > 2. An equivalent result for the cohomology was proven in [8]. 

As a consequence of Theorem 4, we can compute the stable homology of braid groups, 
that is, the homology of Br(cxD) (see also [13]). 

Corollary 5.1 We have that H^:(Br{ooy, Q[^^^]) = Q, concentrated in dimension 0; 

//,(Br(cx));Z2[g=^^]) = Z2[xlx2-,i > 1] 
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n 


2 


3 


4 


5 


6 


7 


8 


9 


10 


Ho 






f2 


992 


f2 


'P2 








Hi 




(fi, 


f3 














H2 






f4 


994 


f3 










H3 










f5 






^3 


f3 


H4 










2 


2 


(fl © <^4 


(P2 © </'4 


<P2 


H5 


















<P2 


He 


















f5 


Hi 
















2 


2 


Hs 





















Table 2: 7/,(Br(«);Z3l9±'|) 



n 


2 


3 


4 


5 


6 


1 


8 


9 


10 


Ho 


f2 




f2 


992 


f2 




992 


f2 


992 


Hi 






f3 














H2 






f4 


994 


f3 


f3 








H3 










f5 






993 


993 


H4 












f6 


994 


994 




H5 












997 


997 






He 
















V'S 




Hi 
















999 


999 


Hs 





















Table 3: //*(Br(n); Q[^±i]) 



and for a prime p > 2 

H^{Br{coy,Zp[q^^]) = Zp\y2p- , X2p- , i > 0]/(;c2pi) 
with dimx, = i — I, dimy, = i — 2. TheBockstein operator acts as follows: 

P2X2' = x^i-i; PpJi = 0; PpXi = yi (forp > 2). 
The homology //*(Br(oo); Z[^^']) has no p^ -torsion for any prime p. A presentation 
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n 


2 


3 


4 


5 


6 


1 


8 


9 


10 


Ho 


Z 


Z 


Z 


z 


z 


Z 


z 


z 


z 


Hi 




















Hi 








z^ 


1.2 ®Z^ 


Z2©Z2 


Z2 


Z2 


Z2 


H3 








z^ 












H4 










I? 


Z2 


Z3 ©Z2 


Z3©Z2 


Z2©Z3 


H5 












Z^ 


z^ 






He 














Z4 


Z^ 


Z2©Z4 


Hi 
















z^ 


z^ 


Hs 


















Z4 



Table 4: i/*(Fi(«);Z) 



of //*(Br(oo); Z[^='=^]) is given by 



X2iX2'\ ■■■X2'h I y '^^l' , Pyipi ■> ^2p' 
_ y2pi^2pii ' ' ' ^Ipih 

with indices running as follows: < / + 1 < ii < • • • < ih, < j < ji < • • • <jh 
and p in the set of odd primes. The structure of Z[q^^] -module is trivial and so the 
action of q corresponds to multiplication by — I. 



Appendix 



Here we give the proof of a technical lemma stated in Section 3. 



Lemma 3.1 Let m < n be two positive integers. Also let p be a prime. Then we have: 
fmifn S Otherwise. 



Proof First of all, notice that the polynomials (/?„, are irreducible for all m G N; hence, 
the quotient rings Z[q]/{(pm) are integral domains. 

(i) First suppose that m\ n and let / = lcm(m, n). Moreover we set m' = ^ , = ^ . 
We have that tpn \ and if,,, \ . Furthermore = m' (mod ip,„) and §1 = n' 
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(mod ifn). Since we have (m',n') = (1) it follows that (ifm, (fn) = (!)• Hence the 
polynomial ip„ is invertible in Z[q]/(ip^) (and tp^ is invertible in Z[q]/((pn))- 

(ii) Now we suppose that m \ n. For a fixed m we want to prove by induction on n that, 
modulo the multiplication by an invertible element in Z[q]/((p,„), the following holds: 



ip„=p if n = mp', i > 1 
ip„ = I otherwise. 



If n = mp we have that 



and so we can write 



[m] 



■ p (mod ipm) 



[m] 



n 



Vpm' 



m' \ m,m' < m 
p I m/m' 



Since all the factors in the product are invertible, it follows that, modulo multipMcation 
by invertible elements in Z[q]/(ipm), we get ip„= p. 

If n = mp^ , in a similar way the next equahty holds: 



[m] 



n 



Vm'pi = P' (mod ipm) 



1 <j<i 
m' I m, m'pi ^ n 
p\m/m' 



In the product there are exactly / — 1 factors congruent to p and all the others are 
invertible, so modulo invertible elements we have that (pn= p. 

Finally we consider the case n = mp'l ■ ■ -p'^- Let us define the set 

m' I m, 
< js < is^s, 

X = { (m'ju . . . Jk) G N'^+i (/-i, . . . Jk) / (0, . . . , 0), > . 

m' if js = is^s, 
Ps \ {m/m') ys s.t. jsJ^O ^ 



We have that: 



[m 



n'\n,n'\m ISlI 



(mod ipm) 
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and, by the inductive hypotliesis, in the product, for all s there are exactly factors 
congruent to ps and all the other factors are invertible; hence y?,, must be invertible, too. 
So the Lemma is proved. □ 
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